Exercise 7

A First Principles

1 Solution

f(x+é'x)—f(x)
ox
_ lim (x+5x—5)—(x—5)
5x—0 ox
. O0x
= lim —
Sx—0 é‘x
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(®) ') = }imo f(x+ 5x)—f(x)
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Sx—0 ox
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(©) f'(x)= ahmo M

ox
. (tan(x+0x)—tanx
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5x—0 ox
tanx +tanox
e T TY  tanx
— lim | 1=tanxtandx
5x—0 ox
. [ tanSx+tan® xtan Sx
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x>0\ - 5x(1—tan x tan 5x)

_ (1 +tan’ x)
= lim
Sx—0 1
ox —tanx
tan Ox
_ (1 +tan’ x)
= lim
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ox| — —tanx
sinox
2
. sec” x
= lim ( - )
5x—0 cosox—sindxtanx
ox -
sinox

sin Sx(sec’ x)

sr0 5x(cos Ox—sindxtan x)

; 1+tan’x
= tim S0 fiy ( )

ax>0 §x x>0 (cos Sx —sin Sx tan x)

(sec” x)
(1-0)

=sec’ x

=D



Exercise 7

B  Derivatives of Algebraic Functions

2  Solution

(@) i(«/;+Lj

dx 2Wx
1 1
:i x2 +lx 2
dx 2
1 3
1215
2 4

d(3x+x-1
® 2

(c)

&=

d{ a b,
(d) —(—§+gx )



3  Solution

(@) %(\/xz—x+l)

d , !
=—(x" —x+1)?
|( )

1

= %(x2 —x+ 1)7 (2x-1)

_ 2x—1

- 20x? —x+1

() %m—z)“

=(4)(3x-2)'(3)
=12(3x-2)

d(., 1 .Y
¢) —|5x +—
@ ofsvix]
2(5x2+lx'2](10x—2x'3j
3 3
:2(5x2+%)(10x—i}j
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Alternative Method

:i(Z5x4 +£+lx_4j
dx 39

=100x" — ix’5
9

100X~
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4  Solution
@ L6 x-9y
dx

%(x—9)8+(x—9)8i(x+6)7
(x 9) +(x 9) 7(x+6)
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(b) %(2x+1)(3—x2)%
(2x+1)i(3—x2)5 +3-x? i(2x+1)

2x+1{ 3-x%) (2x)}—\/3 X x(2)
)(3-

=(2x+1)(3-x") 2 (—x)+2\/3 —-x
=(3-» )’% [—x@x+1)+2(3-x")]
= (3 —xz)ié[—sz - x4+ 6—2x2)]

_—4x2—x+6

\J3-x2

(© %(x“(xﬂ)z)
=x"2(x+1)+ (x +1)%4x°
=20 (x + D[x+2(x +1)]
=2x’(x +D(3x +2)

Alternative Method
%(}c4 (x + l)2 )

= %(}c4 (x2 +2x+ l))
= —(x° +2x°+ x4)

=6x"+10x* +4x°



(d) %{(az +3x7)(b* + xz);}

=(d*+ 3x2)%(b2 + x2)’5(2x) +(0*+ xz)%(6x)

1 1
=x(b” +x%) 2(a®> +3x") + 6x(b* + x*)?

1
=x(b* +x7) 2[ (& +3x°) + 6(b” +x7) |
:%(az +3x7 +6b” +6x7)
b”+x
X 2 2 2
== 9x"+a”+6b%)

Vb +x



5 Solution

X
a) Let y=—
@) Y 2x+5

dy _ (2x+5)%(x)—(x)%(2x+5)

dx (2x+5)°
_Q2x+510)-(0)(2)
(2x+5)’
_ 2x+5-2x
© (2x+5)
5
C(2x+5)°

) i[x2+x—1]
dx\ 1-2x
C(1=20)Q2x+ )= (3 +x—1)(-2)
- (1-2x)?
C 2x+1-4x" —2x+2x7 +2x -2
- (1-2x)
_—2x2+2x—1
o (1-2x)

d Jx
© 5(34-)6}
(3+x)%x%—\/;
T G+x)

%x’% [(B+x)—2(x)]

- (3+x)

3+ x-2x

- 2Jx(B+x)
3—x

EENETETSE




d{ x+1
=
J1=3x(1) - (x+ 1)%(1 - 3x)_%(—3)
- (1-3x)

J1=3x + %(x +1)(1- 3x)’%
B (1-3x)

%(1 -3x) 2[2(1-3x) +3(x+1)]

B (1-3x)
_2-6x+3x+3

3
2(1-3x)?
5-3x
3

2(1-3x)?




Exercise 7

C Derivatives of Trigonometric Functions

6

Solution

d
(@) a(cosec(2x+ 3))

= —cosec(2x + 3)cot(2x + 3)(2)
= —2cosec(2x+3)cot(2x+3)

(b) %(cot (1-2x"))

=—cosec’(1—2x%)x(—4x)

=4xcosec’(1-2x%)

(©) %(sec 3x—cot Sx)

=3sec3xtan 3x + Scosec’5x

d) i(tam lx —3cos xzj
dx 2
= leecrdyo 3(—sinx*)(2x)
2 2

1 .
=—sec’ lx+ 6xsin x?
2 2



6
Solution

(a) %(tan2 3x)

d
=—(tan 3x)’
dx( x)

= 2(tan 3x)(sec’ 3x)(3)

= 6tan 3xsec” 3x

d 2
®) E( sin 4xj

%(Z(Sin 4x)™ )

= —2(sin4x) cosdx x (4)

8cosdx

sin” 4x

= —8cosec4xcot4dx

d 1
© a(1+cos4x)

= %(1 +cos 4x)7l

=—(1+cos 4x)72 (—4sin4x)
1

= —(1+COTx)2(—4Sin 4x)

4sin4x
(1+cos 4x)2

(d) %(2 +sinx)?

=2(2+sinx)(cosx)

=2cosx(2+sin x)



8
Solution

() %(xz cos(x*))

= (2x)[ cos(x*) |+ x> - =sin(x*) |- (3x?)

=2xcos(x’) = 3x*sin(x?*)

(b) i[cotzcos ec fj
dx 2 2

,x )1 X X x x)\(1
=| —cosec” — || — [cosec—+]| cot— || —cosec—cot— || —
2 )2 2 2 2 2 )2

1 sx 1 X X
=——cosec’ ———cosec—cot” —
2 2 2 2 2

1 X ) X ) X
=——cosec—| cosec” —+cot” —
2 2 2 2

d ( tanx?
© a{ . j
_ x(2x)sec” x* — (tan x*)(1)

2
X

2 2.2 2
_ 2x"sec” x” —tanx

2
X

d( secx
@ o]
dx\1+tanx
_ (I+tanx)(secxtan x) — (sec x)(sec” x)
(1+ tan x)?

_ (I+tanx)(secxtanx) —sec’ x
(1+ tanx)?

_ secx(tanx + tan” x —sec” x)
(1+ tan x)?

_ secx(tanx +sec’ x —1 —sec” x)
(1+tanx)’
_secx(tanx—1)
(1+ tanx)?



Exercise 7
D Derivatives of Exponential Functions
9 Solution
d 1+sinx
a) —(e
(@) dx( )

1+sinx

=CO0SXx €

(b) %(;ﬁ —4e™)

=3x? +8e ™

(¢ %(e“ (esx—e’&”))
d/s
o)

=7 +e"

d . ..
d _5x+3wtx
(@ dx( )

d 4 d e
- S)C +_ 3C0.’L
dx( ) dx( )

=4In5(5") —In3cosec’x(3*")



10 Solution

d (3¢ —4e"
® a[—J
= % (e (3¢’ —4e))

= %(364“ —4e™)

=12e* —8e**

d 1Y
b) —|1+—
()1( erj

d

— 1+72x3

_l( e)

=31+ (<2 )
=6 (1+e)



11

Solution

@ ()
=x*(e")+e"(2x)

=x’e" +2xe"

(b) % (¥ secdx)

= e " 4tandxsec4x +secdx(3e™)

=¢" sec4x(4tan4x+3)

d e’
© E( sin’ ZxJ

_ (sin” 2x)e” —e*2(sin 2x) (2 cos 2x)

(sin®2x)*

_ (sin” 2x)e” —e*2(2sin 2xcos 2x)
N (sin® 2x)’
_ (sin® 2x)e” —e*2(cos 4x)

sin? 2x

_¢e"(sin” 2x —2cos 4x)

sin 2x

d(e® -1
@ E[(l—x)zj

_ (1-x)*(=2e) = (e =D2(1-x)(-1)

(1-x)*

_(1-x) [(1-x)(-2e7)+2(e™ -]
- (1-x)*
(1= x)(=2e)+2(e 1)
- (1-x)’

e 42xe 426 =2

(1-x)’
2xe =2

(1-x)’



Exercise 7

E Derivatives of Logarithm Functions

12 Solution

(a) %[mmx})]

3x?

1+x°

®) (log,2)
i (m2)
CdxUInx
=(In 2)%((ln x)")

=(In2) {—(m x)” % (In x)}

= —(]n 2);21
(Inx)” x
_ In2
x(In )c)2

(©) %(x In(cosec 4x))

= In(cosec4x) + x (—4 cosec4xcot 4x)

cosec4x

= —In(sin 4x)(4xcot4x)

d( Inx
@ 5§(2+3xj
(2+3x) L~ 3(Inx)
_ X

(2+3x)’

_2+3x-3xInx
x(2+3x)°



13

Solution

(a) %(ln [1-2x)3+x)))

= % (In(1-2x) +In(3 + x))

2 1
- +
1-2x 3+x

d x+1
®) Eln[h—lj
:%(ln(x+1)—ln(3x—l))

1 3

x+1 3x-1

i (x+1y
(© dx[ln xz—lJ

3
=i(lln (x+D) ]
dx x* =1

- %%(?An(x-i-l) ~In(x* - 1))

3 2x
x+1 (-1

3(x-D)  2x
(x+D(x=1) (x*=1)

| =

N | —

N | —

3x-3  2x
x* =1 (x*-1)
_ 3x-1
)

«) %{ln secx J

= %[111 secx —%hl(l —x*)]

_secxtanx 1[ —2x }

secx 20 1-x2

=tanx+

1-x*



Exercise 7

F Derivatives of Inverse Trigonometric Functions

14
Solution

(a) %(tan" 4x)

1 d

BRI TR

Q)

= X
1+16x*

4
1+16x?

(b) %(sin_1 (X’ +2x))

3x* 42

J1=(x* +2x)?

() %[tanl Gt—ijj
| (1) (1+2)= (1) £ (1-2)
1+[1+xj | (1-x)

1—x

_ (1-x) _{(1—x)+(l+x)]
(l—x)2 +(1+x)2_ (l—x)2

2z
(l—x)2 +(1+ x)2

d) %(sin(cos"l (3x)))

-3
= (3
cos(cos (x))x —=

= (3x)x

—Ox
1-9x?




a1 Y
© a(sinl 3x)
1 ? dr. _ -1
=3(mj XE[SIH 13)(7]
3 3
(sm 3x) |:Sm x:l /1_ 3x ()

3 3
X

(sin”'3x)°  (sin” 3x)2y/1-9x2
9

(sin” 3x) V1-9x7

2 ,(4 —x”)cos™ (;j
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Solution
(a) %(xtan’1 x)
= x%(tan'1 x) + (tan'l x)%x
1

X _
= 2+’[an X
1+x

(b) %[e“ cos™ (3x)J

=e™ {ﬁiﬁ} +2¢* cos ™' (3x)

=e” {2 cos™'(3x) —;}
1-9x

© %(e” sin”' \/})

1 1 —
=e“[ j—x 2 4sin'Vx x(2e™)
VI-x )2

e™ [ 1 j 2 . 1
= +2e~"sin «/;
2\/; 1-x

2x
_8 { ! +4sin™ \/;}

2

(d) %(e“‘“f"“) sec? x)

-1 - 1
=e" Y (2sec xsecx tan x) +sec’ x(em" o )[1 e (2))
+4x

-1 -1 2
=e™ ®*9(2sec’ xtan x)+sec’ x(e“’“ 2 ) 5
1+4x

. 1
=2e™ sec’ x| tanx + ——
1+4x



Exercise 7

G Differentiation of Implicit Functions

16
Solution

(a) Given x* +y’ =xy
Differentiate implicitly with respect to x :

dy dy
2x+3y" —=x—+
i

dy 2 dy
X—=3y —=2x-
a7 Y

dy 2
—(x-3 =2x-
dx( o) y

dy  2x—y
Cdx x-3)°

(b) Given x’y+x1° =1
d/ 5y d
S (rnt) =

dy dy
32y+x =+ 1P +x(39)—==0
y o (y)Cbc

(x* + 3xy2)% =-3x"y—-y’

dy_ 3xy+y’

Codx X’ +3x)°

(c) Given 3x* —7y" +4xy—8x=0
d . d _, d d
—GBx)—— Ty )+—xy)——Bx) =0
o CX ) = () (4y) = (8%)

6x—14yd—y+4xd—y+4y—8 =0
dx dx

dy 6x+4y-8
de l4y—4x
_3x+2y-4

Ty—2x



(d) Given xy+tan™ y=x’
Differentiate implicitly with respect to x :

xd—y+ + 12—y:2

dx 1+y” dx

( + lzjd—y:ZX—y
1+y” )dx

dr_ Qr-p)i+y)
dx 1+x)° +x

(e) Given sinx+cosy =xy

cosx—siny(%) :y+x%

. dy
X +SIn — =COSXx—
( y)dx y

. dy_cosx—y
" dx  x+siny

. 1 1 1 . .
Given ———=—, where a is an arbitrary constant.

®
X y a
1 14d
——+—=Z=0
x° oy~ dx
1o 1
y2dx x2



17 Solution

(a) %ln(xx) = %(xln x)

)
=x|—|+Inx
X

(b) Given [y =/x
1 1

pr = ot
Taking logarithm on both sides
1 1
Iny® =lnx”

llny:lhlx
X y

ylny=xInx

Differentiating both sides with respect to x

dx

1
y=x-—+1-Inx
y dx X

dy
l+lny)—=1+Inx
( y)dx

. dy_l+Inx
Cdx 1+Iny



18

Solution
Let 3° +2xp+x> =26 =7 oo, (1)
Differentiating (1) both sides with respect to x

Zyd—y+(2xd—y+2yj+2x—2e" =0
dx dx

dy dy
2y—+2x—=2e¢"-2x-2
y] ] Y

Substituting x = 0 into (1)
¥ +2(0)y+(0)* -2e" =7

v -2()=7
¥ =9
y=23
. . . dy ex_x_y
Substituting x =0 and y =3 into — =———.
dx x+y
& _¢-0-3
dx 0+3
__2
3
Substituting x = 0 and y = 3 into 2 = & X~
dx x+y

dy e -0-(=3)
dr  0+(-3)
4

3

.. the gradients of the tangents to the curve at the points 4 and B are —% and —% respectively.



19

Solution

@) (x+9) +2(x=9)" =24 oo @
Difterentiating (1) both sides with respect to x

dy dyj

2+ )| 1+— |+H4(x—y)| 1-—|=0

(x yﬂ 1) (x y{ ]

)+ L 2x-2p)—2x-20)Y =0

y )y y "y

dy

X+y+2x-2y=2x-2y—-x—-y)—
dx

dy
3x—y=(x-3y)—
x—y=(x y%n

dy 3x-y
Cdx x-3y

(Shown)

(b) For tangent parallel to x-axis, % =0.

ie. 0 3x-y

:x—3y
S 3x—-y=0

Substituting (2) into (1)
(x+3x)*+2(x—3x)* =24
16x° +8x* =24

Substituting x =1 into (2)
y=3)
=3
.. the coordinates are (1, 3)
Substituting x = —1 into (2)
y=3(-0D
=-3

.. the coordinates are (1, -3)

.. the coordinates at which the tangent is parallel to the x-axis are (1,3) and (—1,-3).



(c)

For tangent parallel to y-axis, % is undefined

ie. x—3y=0

Substituting (3) into (1)
(By+y) +2Gy-y)’ =24
16y* +8y* =24
y =1
y=1lor -1

Substituting y =1 into (3)

x=3()
=3

.. the coordinates are (3, 1)

Substituting y = —1 into (3)

x=3(-1)
=-3

.. the coordinates are (—3,-1)

.. the coordinates at which the tangent is parallel to the y-axis are (3, 1) and (-3, -1).

When the curve cuts y-axis, i.e. x = 0.
Substituting x = 0 into (1)

Y +2y* =24

3y’ =24

y =8
y=i2\/§

The coordinates at which the curve cuts the y-axis are (0, — 22 ) and (0,2\/5 ).

Substituting x = 0 and y = 2+/2 into % _3x-y

x-3y
dy_30)-2v2 1
dv 0-3242) 3

The gradient of the curve at (0,2\/5 )is %

Substituting x = 0 and y = —2+/2 into % _3x-y

x-3y
dr_30)-(2v2) 1
dr  0-3(-2v2) 3

The gradient of the curve at (0, —2\/5) is %



When the curve cuts x-axis, i.e. y = 0.
Substituting y =0 into (1)
x*+2x7 =24
3x* =24
x’ =8

x:iZ\/E

The curve cuts the x-axis at (— 2\/5, 0) and (2\/5 ,0).

Substituting x = 22 and y =0 into Y = 3x_—y
dx x-3y

dr_32¥2)-O) _,
dr - 242-3(0)
The gradient of the curve at (2«/5 ,0) is 3.

Substituting x = —2+/2 and y = 0 into % _3x-y

x=3y’
b _3242)-0) _,
dr  242-3(0)

The gradient of the curve at (—2+/2,0) is 3.



20
Solution

Given cosecy=x
Differentiate both sides with respect to x

dy
—cosecycot y)—=1
( yeoty) "

d 1
i A S (1)
dx cosec y cot y

Using Pythagorean Identity cot’y +1= cosec’ y

cot’y = cosec” y—1

cot y = +4Jcosec” y—1

Given 0< y < %, tan y > 0. Therefore cot y > 0.

So, cot y =+f(cosec )’ 1] covverevennnnn.

Substituting (2) into (1)

d_y _ 1
dx  cosec y\/(cos ecy) —1
=—; (Deduced)

xvx? -1

Alternative Method
Given  cosecy=x

Differentiate both sides with respect to x

—cosec y cot y% =1

dy _ 1

dx cosec ycot y

Since cosecy=x

. 1
siny=—
X

By constructing the right angle triangle,

tan y =
x -1
dy 1
a__cosecy cot y
_ tan y
__cosecy
1

=———— (Deduced)

xx? =1



21

Solution

. ~ B B 7
Given tan™' x+tan 1y-i—tan 1(xy)z—ﬁ

Substituting x =1 into (1).

tan'(I)+tan' y+tan' y = lﬂ'

Z i 2tan'y _Iz
4 12

dr

@ —[tan(o)]
__ 1 dy
_1+(xy)2(y”dx)

(b) Differentiate (1) both sides with respect to x

Y
N O S T T
1+x* (1+y7 Jdx 1+ (xp)’

o 1 .
Substituting x =1 and y = — into (2)

e

Ll | I+(l)dy:
T el

dy

1
7+7
l+3d_y+\/§ dX:()
2 \4)dx 4

%[®%T§j

M e
(i3
d_yzi[_l_ 3 j
& 3\ 2 4f3
dy 1



Exercise 7

H Differentiation of Parametric Equations

22

Solution

(@) Given x=(2+1) s (1)
and Y=2E e, )

Differentiating (1) with respect to ¢
%:2(2t+1)x2:4(2t+1)
t

Differentiating (2) with respect to ¢

Y_6
dt

t2

Using the Chain Rule,



. 1

(b) Given x= Lo )
t

and y= W ........................ (2)

Differentiating (1) with respect to ¢

dx 22

E—(2t)(1+t )
-
1+

Differentiating (2) with respect to ¢
dy _ (+2)D) - (0)(20)
dt (1+£)
1-7
)

Using the Chain Rule,
dy

d_
dx 9
dt

_dy

dr  dr

-2 (1+£)

(¢) Given x=tf+e€ ... )
and y=t+e " ... ?2)

Differentiating (1) with respect to ¢
& 1+¢
de

Differentiating (2) with respect to ¢
Y_ I-¢”
dt

Using the Chain Rule,

o @
de dr dx
l-e”
1+

N
Cdx 1+¢



and P=COS2t cerrererrererennn. 2)

Differentiating (1) with respect to ¢

E:2+20052t
dt

Differentiate (2) with respect to ¢

d_y = -2sin2¢
dt

Using the Chain Rule,
Y _b 4
de dr dx
_ —2sin2t
 2+2c0s2t

_ —sin2¢
1+ cos 2t

_ —2sintcost
1+(2cos’ t—1)

_ —2sintcost
2cos’t—1)

=—tant

=—tant



23

Solution

Given x=t—% ......................... )
and  y=t +% ......................... )
Differentiating (1) with respect to ¢

dx 1

—_— = 1 + —2

dt t

£ +1

Differentiate (2) with respect to ¢

1
dt £
-1
Using Chain Rule
-1
d_y: ¢ :tz—l
dc £+l £+l
t2

2_
t2 1_0
t°+1
t—1=0
t=1 or -1

The values of ¢ when the gradient is zero are 1 or —1.



24

Solution

and V=S e

Differentiating (1) with respect to ¢
dx = 6cos” t(—sint)
dt
=—6sintcos’ t

Differentiate (2) with respect to ¢

Y_ 3sin’ fcost
dt
Using Chain Rule
dy _ 3sin’ fcost
dx —6sintcos’t
1
=——tant
2
When ¢ = z,
d_y =——tan d
dx 2 6
__B
6

The exact value of d_y when ¢ = z s —
dx 6

3

6



Exercise 7

I  Derivatives of Higher Order Derivatives

25
Solution

(@) Y_ 2¢"" cos x
dx
= ycosx

d’y d . d
Y =—y(cosx)—ysmx < since Eyzycosx, Sy =ycosx

A dx

= Q(cos X) _L(d_yj sin x
dx cosx \ dx

= d_y (cosx)— Q(_sm ad )
dx dx\ cosx

d’y = d_y (cosx—tanx) (Proved)
dx*  dx

26
Solution

y =In(1+sinx)

Differentiate both sides with respect to x

d_y cosXx

dx 1+sinx

Differentiate both sides with respect to x
d’y  —sinx(1+sinx)—cos x(cos x)
de? (1+sin x)’
_ —sinx-1
 (I+sinx)’
1
l+sinx

Differentiate both sides with respect to x

dy__ 1
dx*  (1+sinx)?

d3_y__[ cosx j( -1 j
dx? 1+sinx )\ 1 +sinx

3 2
((11x_); = (%}[i;j (Shown)

(cosx)
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Solution

sin”!x

Given y=e
Differentiate both sides with respect to x

dy _ 1 sin”' x

——¢
dx  \1-4
m%: e

1—x2%=y ............................... (*)

Differentiate both sides with respect to x

1 —2x dy \/—Zdzy dy
PV 4
dx*  dx

E«/l—xz dx
2
—x%+(l—xz)d—y:\/1—x2% <1\/17x2%:y (from (¥))

2
(l—xz)ix—);—x%—y =0 (Shown)

Alternative Method

Given y=¢’

Iny=sin""x

Differentiate both sides with respect to x
1 dy 1

Differentiate both sides with respect to x

1 —2x dy+md

1 dy y_dy
21— dx dr*  dx

dy dy  ——=dy
—)Ca+(1—x2)?= 1—X2 a

_xd_y+(1_x2)(12_y:y < l—xzd—y:y (from (%))
dx dx’ dx
2
-y b

o xa—y:O (Shown)
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Solution

Given y=sin [ln(l + 2x)]

Differentiating with respect to x

dy
— =cos|In(1+2x)]|.
dx [ ( x)] 1+2x

(1+ 2x)% =2cos[In(1+2x)]
Differentiating with respect to x

2
1+ 2x)jx—);+ z% = —2sin[In(1+2x)]:

1+2x

2
(1+2x)° jx—f+ 21+ 2x)%+ 4y=0 (Shown), wherek =4.

29
Solution
Given y=+/3+sinx+cosx

y* =3+sinx+cosx

Zy[d—yj cosx —sinx
dx

2 2
2y[d—yj+2(d—yj =—sinx—cosx
dx

4
=3y’
dy (dr),
B 2y§+2(aj +y~ =3 (Shown)



Exercise 7

J  Exam Style Questions
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Solution

@ el
Vo xa-ao| 3] )7 (307)
]

C o 3 ()
a(x +1)2 —Eax (x+)

X +1 X+l
3 _l 3 3 3 _i
:a(x +1) 2—Eax (x +1) 2

(b) %(2;;2 —x-6)"*

=—4(2x" —x— 6)_5 (4x-1)

- _‘Z(L”)S (Shown)
(2x"—x—-06)



1

© :(1+smsz

1—sinx
1
d_y_l[1+sinxj2 y (1-sin x) cos x — (1 +sin x)(—cos x)
dx 2 (1-sinx)’

1—sinx

1
dy _1(1l+sinx §>< 2cosx
de 2 (1-sinx)’

1-sinx
1
_(l—sinx 2 cosx
I+sinx ) (1-sinx)?
1 cosx
- e T
(1+sinx)? (1-sinx) 2(1-sinx)’

COSx
1 1

(1+sin x)?(1—sin x)E (1-sinx)

COS X
1

(1—sin® x)?(1-sinx)

COS x
1

(cos® x)? (1—sin X)

_ cos x
cos x(1 —sin x)

1

1—sinx
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d, .
@ —(sin”" ()
L4

N EGKE
1 1

Ji-x 24/x
R

- 2/x(1—x)

d d({Inx
(b) a(lo& x)= E(EJ

=(ln 2)%((ln x))

:(ln2)><l
x

_n2
Inx

d
(c) —(ez" tan x)
dx
=2e* tanx +e* sec’ x

=¥ (2tanx+ sec’ x)
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Solution

(a) %[xz ln(seCZx)J

=x’ sec12x (sec2x tan 2x)(2) +In(sec2x)(2x)

=2x” tan 2x + 2xIn (sec2x)

= 2x(xtan 2x + In(sec 2x))

(b) %tan'] |

(¢) Let y=x™
Taking logarithm on both sides :

Iny=Inx*

Iny=2xInx

Differentiating implicitly w.r.t. x on both sides :

1y =2)Inx+ Zx(lj
ydx

X

ld—y:21n3c+2
y dx

dy
—=yQ2Inx+2
i »( )

=2x"(Inx+1)



Alternative method

G

:%(elvlnx)

— e2xlnx

d
—(2xIn
dx(x x)

= ((Z)Inx + 2x(lD
x

=" (2Inx+2)

=2x"(Inx +1)
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Solution

(@) Let y=cos'vI-x’

L
d_y: —;X%(l—xz) 2 % (=2x)

dx [1_( 1—x2)2

1 1

\/)7 24J1-x*

x (—2x)

(b) %[cos ec (ln(x2 + 3))}

1
X2 +3

=—cos ec(ln(x2 +3))cot(ln(x2 +3))-( (2x)j
2xcosec (ln(x2 + 3)) cot (ln(x2 + 3))

XX +3

Alternative Method

%[cos ec (ln(x2 + 3))}

_dj__ 1

Cdx sin(ln(x2 +3))

= %[sin (ln()c2 + 3))]_

- —[sin(ln(x2 + 3))}_2 X {cos(ln(x2 + 3)) : (2;” (2x)ﬂ
x

_ 1 y 2xcos(1n(x2 + 3))
[sin (ln(x2 + 3))]2 ’

x +3
2x cos(ln()c2 + 3))
(@ +3)sin’ (In(x* +3))

1




(©) %(m x)"

1 19
= ;(20)(ln x)

20 19
=—(1
0 (inx)
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Solution

x=e" cos3t
dr_ 3e” cos 3t +¢e* (—3sin 3¢)
dt
=3¢’ (cos 3t —sin3¢)
y=¢e"sin3¢
Y_ 3e* sin 3t +¢e* (3cos 3¢)
t

=3¢* (sin 3t + cos 3t)

Using the Chain Rule
dy
Y _w
dr &
dt
b, &
dr dt

_ 3¢ (sin37+cos3r)
3e* (cos 3t —sin 37)

_ (sin3t +cos3¢)
(cos 3t —sin3¢)

«Esin (3t + ﬁj
_\ 4
\/Ecos(?;t + ZJ

= tan (3t + %) (Shown)
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Solution
Given X =7—SINt ccceevevrerrerrrereennnn. (1)
and Y=1—COSt rrvereierereene )
Differentiating (1) with respect to ¢
dx
—=1-cost
dr
Differentiating (2) with respect to ¢
d_y =sint
dr
Using the Chain Rule,
dy dy N dr
dx dr dx
=sintx
1—cost
2sin r cos r
_ 2 2
Lot
1- (1 —2sin )
2
t
=cot—
2
1
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1 3t -3t
x=—(e" +2e
2( )

dx_ 1(363‘ —6e7")
de 2
:%(eh _Zeffn)

1
y :5(6313 _2673)?)

Y_ 1(363[ +6e7)
de 2

= %(e” +2e7)

Using the Chain Rule,
b &
dx dr dx

%(e“ +2e7)

%(efﬂ _Ze—3r)

eV 42e
e3t _ 26—3t

Whent = %ln 2,

o b))

de i) i)

dy e1112 +2€—ln2
a: o2 _ o2
dy ~ elnz +Zeln2"
a_ eln2 _ZelnT1
dy 24227
de 2-2027
&,

dx

Gradient of tangent is 3.

.. gradient of normal to the curve at the point where = %ln 2 is —%.



. 1
(b) Given x = 5(63’ +2e¢*) < square both sides
l 2
¥ =|=(e" +2e7
[2 ( )
X = %(e(” +444e) i )

and y= %(63/ —2¢™) < square both sides
2
y2 — |:l(e3t _ 2ef3t ):|
2
y = %(e(" —444eY) i, )
Taking (1)—(2)
X -y’ = l(e6’ +4+4e’6’)—l(e‘” —4+4e™)
4 4

xz _y2 — 2
The cartesian equation of the curveis x* — y* = 2.

Restriction on the values of x :

y* >0, for real values of y
»*+2>2  <add?2 both sides
22 ax’—y'=2=x"=2+)
¥’ =220
(x+\/§)(x+\/§)20
x<—2orx2+2

Since e >0 and 2™ >0, x>0

The restriction on the values of x is x > \/5 .
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Solution

(@) x*+2xy—In(e’ +2y)=3
Differentiating both sides with respect to x
&
de =0
e +2y

2x+2xd—y+2y—
dx

%—x(ez +2y)% =(x+y)e*+2y)
%(l—ezx—ny) =(x+ y)(e2 +2y)

dy _ (x+p)(€’ +2y)
oy 1—xe’ —2xy

(b) Let y=cos” x

cosy=x
. dy
—siny—=1
e
d_y__ 1
dx sin y

For 0<y <7, siny>0.

s siny=4/l—-cos’ y

=+1-x

dy:—; for —1<x<1

a NI ’
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Solution

(a) Given y=xtan'x

d 1
ay = x£1 3 )+ tan~' x < apply product rule on RHS
+Xx
d
(1+ xz)ay =x+(1+x)tan" x < multiply x to all sides
d
1+ xz)ay =x>+(1+x")xtan”' x  <replacey = xtan” x

(1+xz)%:x2 +(1+x*)y (Proved)

(b) Given \x+./y =a
2+y?=+a

Differentiating both sides with respect to x
1 1 dyj
——+—— 2L |=0
NERONE (dx
N

Y
)

0

d
J}(d—
2
i) =
Differentiating both sides with respect to x
2 2
o) (2) 2
dx ) dx dx dx
2
(d—yj 2232, Y oo
dx dx®  dx

d_y:0 or 2x >
dx dx

—\/; < square both sides

d—y=0 (reject asd—y<0, since d—y:£<0)
dx dx dx

NS

dzy

Hence, 2x—3 +%—1 =0 (Shown)
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Given y= cosx
1-2x

(1-2x)y =cosx
%[(l—zx)y] = %(cos X)
q! —2x)%+y(—2) =—sinx

dy d d
(1—2x)dx—f+ay(—z)—zay= —cosx

2
(1—2x)d—J2}—4d—y: —Ccos X
dx dx

d’y  dy
(1-20) =4 ==(1-20)y

2

dy dy
(1_ZX)(dx2 +yJ—4a= 0 (Shown)
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Solution
(a) Given y= 1
2e" -1
2e" =1Dy* =1 oo, )

Differentiating (1) with respect to x

1
2(2¢" —l)y%+ 2¢"y* =0  <replace (2¢" —1) = y—z from (1)

Ld_y — _exyz
y” dx
" % =1 e (2) (Shown)
Alternative Method
B 1
V2e* -1
1
y=@e -
3
% = —%(Ze" -1) 2(2¢%)
d ST
i:{(zex -1 2} e
d »
ay =—1°€" e (1)

dy dy

— 7 3ex_3 2_ex a2 =_ 36x
O Y y ar . y
2

Ey by

dx”  dx dx
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