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d 1[ln sec ln(1 )]
d 2

sec tan 1 2
sec 2 1

tan
1

x
x x

x x
x

x x x
x x

xx
x

 
  − 

= − −

− = −  − 

= +
−

(d)

 

 



Exercise 7  

    F Derivatives of Inverse Trigonometric Functions  

14
Solution

 

1

2

2

2

d (tan 4 )
d

1 d (4 )
d1 (4 )

1 (4)
1 16

4
1 16

x
x

x
xx

x

x

−

=
+

= ×
+

=
+

(a)

 

 

1 3

2

3 2

d (sin ( 2 ))
d

3 2
1 ( 2 )

x x
x

x
x x

− +

+
=

− +

(b)
 

 

( ) ( ) ( ) ( )

( )

( )
( ) ( )

( ) ( )
( )

( ) ( )

1

2 2

2

2 2 2

2 2

d 1tan
d 1

d d1 1 1 11 d d
111

1

1 1 1

1 1 1

2
1 1

x
x x

x x x x
x x

xx
x

x x x

x x x

x x

− +  
  −  

     − + − + −  = ⋅    −+   +    −  

   − − + +
= ⋅   

− + + −      

 
=  

− + +  

(c)

 

 

( )( )( )

( )( )

1

1

2

2

2

d sin cos 3
d

3cos cos 3
1 9

3(3 )
1 9

9
1 9

x
x

x
x

x
x

x
x

−

− −
= ×

−

−
= ×

−

−
=

−

(d)

 

 



( )
( )

( )

2

1 2 2

3

1

2
11

1

1

1 2 1 2 2

41 2

3 1
(3)

(sin 3 ) 1 3

d 1
d sin 3

1 d3 sin 3
dsin 3

1 sin 3

3 3
(sin 3 ) (sin 3 ) 1 9

9

sin 3 1 9

x x

x x

x
xx

x

x x x

x x

−

−

−

−−
−

−

− −

−

= × ×
−

 
 
 

   = ×    

 −  

= − ×
−

= −
−

(e)

 

 

1

1
2

1

2

2
1

2
1

2 1

d cos
d 2

1 1 1cos
2 2 2

1
2

1 1

4 cos 1
2 4

1

4 cos 1
2 4

1

2 (4 )cos
2

x
x

x

x

x x

x x

xx

−

−
−

−

−

−

 
 
 

  − = ×  
    −  

 

−
= ×

  − 
 

= −
   −  

  

= −
 −  
 

(f)

 

 

 

 

 

 

 

 
 
 



15
Solution

 

( )

( ) ( )

1

1 1

1
2

d tan
d

d dtan tan
d d

tan
1

x x
x

x x x x
x x
x x
x

−

− −

−

= +

= +
+

(a)

 

 

2 1

2 2 1

2

2 1

2

d e cos (3 )
d

3e 2e cos (3 )
1 (3 )

3e 2cos (3 )
1 9

x

x x

x

x
x

x
x

x
x

−

−

−

  

 − = +
 − 

 
= − 

− 

(b)

 
 

( )2 –1

1
2 –1 22

2
2 –1

2
–1

2

d e  sin  
d

1 1e sin (2e )
21

e 1 2e sin
2 1

e 1 4sin
2

x

x x

x
x

x

x
x

x x
x

x
x x

x
x x

− 
= + × 

− 

 
= + 

− 

 
= + 

− 

(c)

 

 

( )
( )

( )

1

1 1

1 1

1

tan (2 ) 2

tan (2 ) 2 tan (2 )
2

tan (2 ) 2 2 tan (2 )
2

tan (2 ) 2
2

d e sec
d

1e (2sec sec tan ) sec e (2)
1 4

2e (2sec tan ) sec e
1 4

12e sec tan
1 4

x

x x

x x

x

x
x

x x x x
x

x x x
x

x x
x

−

− −

− −

−

 = +  + 
 = +  + 

 = + + 

(d)  

 



Exercise 7  

   G Differentiation of Implicit Functions   

16
Solution

 
2 3

2

2

2

2

Given 
Differentiate implicitly with respect to :

d d2 3
d d

d d3 2
d d

d ( 3 ) 2
d

d 2 
d 3

x y xy
x

y yx y x y
x x

y yx y x y
x x

y x y x y
x

y x y
x x y

+ =

+ = +

− = −

− = −

−
∴ =

−

(a)

 

 

( )

3 3

3 3

2 3 3 2

3 2 2 3

2 3

3 2

Given 1
d d (1)
d d

d d3 (3 ) 0
d d

d( 3 ) 3
d

d 3 
d 3

x y xy

x y xy
x x

y yx y x y x y
x x

yx xy x y y
x

y x y y
x x xy

+ =

+ =

+ + + =

+ = − −

+
∴ = −

+

(b)

 

 

2 2

2 2

Given 3 7 4 8 0
d d d d(3 ) (7 ) (4 ) (8 ) 0
d d d d

d d6 14 4 4 8 0
d d

d 6 4 8
d 14 4

3 2 4
7 2

x y xy x

x y xy x
x x x x

y yx y x y
x x

y x y
x y x

x y
y x

− + − =

− + − =

− + + − =

+ −
=

−
+ −

=
−

(c)

 

 



1 2

2

2

2

2

2

2

Given tan
Differentiate implicitly with respect to :

d 1 d 2
d d1

1 d 2
d1

1 d 2
d1

d (2 )(1 ) 
d 1

xy y x
x

y yx y x
x xy

yx x y
xy

x xy y x y
xy

y x y y
x xy x

−+ =

+ + =
+

 
+ = − + 

 + +
= − + 

− +
∴ =

+ +

(d)

 

 

Given sin cos

d dcos sin ( )
d d

d( sin ) cos
d

d cos 
d sin

x y xy

y yx y y x
x x

yx y x y
x

y x y
x x y

+ =

− = +

+ = −

−
∴ =

+

(e)

 

 

2 2

2 2

2

1 1 1Given , where  is an arbitrary constant.

1 1 d 0
d

1 d 1
d

d 
d

a
x y a

y
xx y

y
xy x

y y
x x

− =

− + =

=

 ∴ =  
 

(f)

 

 

 

 

 

 

 

 

 

 

 



17 Solution  

( )d dln( ) ln
d d

1 ln

xx x x
x x

x x
x

=

 = + 
 

(a)
 

 

11

11

Given  

    
       Taking logarithm on both sides

          ln ln

1 1ln ln

ln ln

yx

yx

yx

y x

y x

y x

y x
x y

y y x x

=

=

=

=

=

(b)

 

Differentiating both sides with respect to 

1 d d 1ln 1 ln
d d

d(1 ln ) 1 ln
d

d 1 ln 
d 1 ln

x

y yy y x x
y x x x

yy x
x

y x
x y

⋅ ⋅ + ⋅ = ⋅ + ⋅

+ = +

+
∴ =

+

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



18
Solution

 

2 2Let  2 2e 7 ....................... (1)
Differentiating (1) both sides with respect to 

d d2 2 2 2 2e 0
d d

d d2 2 2e 2 2
d d

d e
d

x

x

x

x

y xy x
x

y yy x y x
x x

y yy x x y
x x

y x y
x x y

+ + − =

 + + + − = 
 

+ = − −

− −
=

+

  

2 2 0

2

2

0 into (1)

2(0) (0) 2e 7

2(1) 7

9

3

Substituting x

y y

y

y

y

=

+ + − =

− =

=

= ±

 

0

d e0 and 3 into .
d

d e 0 3
d 0 3

2 

Substituting 

3

xy x yx y
x x y

y
x

− −
= = =

+

− −
=

+

= −

 

0

 

S d e0 and 3 into .
d

d e 0 ( 3)
d

s

0
4

ub titutin  

(

g

3)

3

xy x yx y
x x y

y
x

− −
= = − =

+

− − −
=

+ −

= −

 

2 4  the gradients of  the tangents to the curve at the points  and   are  and  respectively.
3 3

A B∴ − −  

 

 

 

 

 

 

 

 

 



19
Solution

 

2 2 ( ) 2( ) 24 ............................ (1)
Differentiating (1) both sides with respect to 

d d2( ) 1+ +4( ) 1 0
d d

d d( ) ( ) (2 2 ) (2 2 ) 0
d d

d2 2 (2 2 )

x y x y
x

y yx y x y
x x

y yx y x y x y x y
x x

x y x y x y x y

+ + − =

   + − − =   
   

+ + + + − − − =

+ + − = − − −

(a)

d
d3 ( 3 )
d

d 3     (Shown)
d 3

y
x

yx y x y
x

y x y
x x y

− = −

−
∴ =

−

 

2 2

2 2

2

dFor tangent parallel to -axis, 0.
d

3i.e. 0
3

 3 0
3  ................

b

................

4

S (u

1

bstituting

1

S

........................ (2)

 2) into (1)

( 3 ) +2( 3 ) 2

6 8 24

1

1 or 

u

yx
x

x y
x y

x y
y x

x x x x

x x

x

x

=

−
=

−
∴ − =

=

+ − =

+ =

=

= −

(b)

 1 into (2)
3(1)
3

 the coordinates are (1, 3)

 1 into (2)
3( 1)

3
 the coordinates are (1, -3)

 the coordinates at which the tangent is parallel to the -axis are (1,3) an

stituting

Substituting

x
y

x
y

x

=
=
=

∴

= −
= −
= −

∴

∴ d ( 1, 3).− −

 



2 2

2 2

2

i

dFor tangent parallel to -axis,  is undefined
d

i.e. 3 0
3  .......................................................... (3)

 (3) into (Substitu

 

2
ting

 

Sub

1)
(3 ) (3 ) 24
16 8 24

1
1 r 1

t

o

s

yy
x

x y
x y

y y y y
y y

y
y

− =
=

+ + − =

+ =

=
= −

 1 into (3)
3(1)
3

 the coordinates are (3, 1)

 1 into (3)
3( 1)

3
 the coordinates are ( 3, 1)

 the coordinates at which the tangent is parallel to the -axis are (3, 1) and 

tuting

Substituting

y
x

y
x

y

=
=
=

∴

= −
= −
= −

∴ − −

∴ ( 3, 1).− −  

 

2 2

2

2

When the curve cuts -axis, i.e. 0.
 0 into (1) 

2 24
3 24

8

2 2

The coordinates at which the curve cuts the -axis are (0, 2 2) and (0,2 2).

Substituting
y x

x
y y

y
y

y

y

=
=

+ =

=

=

= ±

−

(c)

 

d 3 0 and 2 2  into .
d 3

d 3(0) 2 2 1
d 30 3(2 2)

1The gradient of the curve at (0,2 2) is .
3

d 3 0 and 2 2  into .
d 3

d 3(0) ( 2 2) 1
d 30 3( 2 2)

The gradient of the

Substituting

Substituting

y x yx y
x x y

y
x

y x yx y
x x y

y
x

−
= = =

−

−
= =

−

−
= = − =

−

− −
= =

− −
1 curve at (0, 2 2) is .
3

−

 

 



2 2

2

2

When the curve cuts -axis, i.e. 0.
  0 into (1) 

2 24
3 24

 8

2 2

The curve cuts the -axis at ( 2 2,0) and  (2 2,0).

Substituting
x y

y
x x

x
x

x

x

=
=

+ =

=

=

∴ = ±

−

 

d 3 2 2  and 0 into .
d 3

d 3(2 2) (0) 3
d 2 2 3(0)

The gradient of the curve at (2 2,0) is 3.

d 3 2 2  and 0 into .
d 3

d 3( 2 2) (0) 3
d 2 2 3(0)

The gradient of the 

Substituting

Substituting

y x yx y
x x y

y
x

y x yx y
x x y

y
x

−
= = =

−

−
= =

−

−
= − = =

−

− −
= =

− −

curve at ( 2 2,0) is 3.−
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Solution

 

Given cosec
Differentiate both sides with respect to 

d( cosec  cot ) 1
d

d 1    ................... (1)
d cosec  cot 

y x
x

yy y
x

y
x y y

=

− =

∴ = −
 

 
2 2

2 2

2

2

Using Pythagorean Identity cot 1 cosec
cot cosec 1 

cot cosec 1

Given 0 ,  tan 0. Therefore cot 0.
2

So, cot (cos ec ) 1] .................... (2)
 (2) into (1) 

d 1 

Substitut

       
d

ing

y y
y y

y y

y y y

y y

y
x

π

+ =

= −

= ± −

< < > >

= −

= −
2

2

cos ec (cos ec ) 1
1        (Deduced)

1

y y

x x

−

= −
−

 

 

Given cosec
Differentiate both sides with respect to 

dcosec  cot 1
d
d 1 
d cos ec  cot 

y x
x

yy y
x
y
x y y

=

− =

∴ = −

Alternative Method

 

2

2

Since cosec  
1 sin

By constructing the right angle triangle, 
1tan 

1
d 1
d cosec   cot 

tan
cosec  

1     (Deduced)
1

y x

y
x

y
x

y
x y y

y
y

x x

=

∴ =

=
−

= −

= −

= −
−

 

 



21
Solution

 

1 1 1

1 1 1

1

1

7Given tan tan tan ( )  ....................... (1)
12

 1 into (1).

7tan (1) tan tan
12

72 tan
4 12

 tan
6

 tan
6

1                     
3

1  when 1.

Substit ng

3

uti

x y xy

x

y y

y

y

y

y

y x

π

π

π π

π

π

− − −

− − −

−

−

+ + =

=

+ + =

+ =

=

=

=

∴ = =

 

1

2

d tan ( )
d

1 d
1 ( ) d

xy
x

yy x
xy x

−  

 = + +  

(a)
 

 

2 2 2

2 2

1
3

1 1
3

Differentiate (1) both sides with respect to 
d

1 1 d d 0 .............
(

S

............ (2)
d1 1 1 )

1 1 and  into (2)
3

u

d(1)
d

bst

1

itut

1 1 d
d1 1

g

1

in

x
yy xy x

xx y xy

x y

y
y x
x 

× 
 

+ 
+ + = + + + 

= =

 
+ 

+ + 
+  + + 

 

(b)

2
1
3

1
3

4
3

0

d
1 3 d d 0
2 4 d

1 3 d 3 1 d 0
2 4 d 4 d3

1 3 d 3 3 d 0
2 4 d 4 d4 3

6 d 1 3
4 d 2 4 3

d 2 1 3
d 3 2 4 3

d 1 1     (Shown)
d 3 2 3

y
y x
x

y y
x x

y y
x x

y
x

y
x

y
x

 
 
 

=

+
 + + = 
 

  + + + =  
   

   + + + =   
   

  = − − 
 

 
= − − 

 

∴ = − −

 



Exercise 7  

   H Differentiation of Parametric Equations  

22
Solution

 

( )

( ) ( )

2

3

2

Given 2 1  ................... (1)

and 2  ............................ (2)

Differentiating (1) with respect to 
d 2 2 1 2 4 2 1
d

Differentiating (2) with respect to 
d 6
d

x t

y t

t
x t t
t

t
y t
t

= +

=

= + × = +

=

(a)

 

( )

( )

( )

2

2

2

d
d
d
d

Using the Chain Rule, 

d
d

d d
d d

6
4 2 1

3
2 2 1

d 3 
d 2 2 1

y
t
x
t

y
x

y x
t t

t
t

t
t

y t
x t

=

= ×

=
+

=
+

∴ =
+

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

2

2

2 2

2 2

2

1Given  ........................ (1)
1

and  ........................ (2)
1

Differentiating (1) with respect to 
d (2 )(1 )
d

2
(1 )

Differentiating (2) with respect to 
d (1 )(1)
d

x
t

ty
t

t
x t t
t

t
t

t
y t
t

−

=
+

=
+

= +

−
=

+

+
=

(b)

2 2

2

2 2

( )(2 )
(1 )

1
(1 )

t t
t

t
t

−
+

−
=

+

 

2 2 2

2 2

2

2

d
d
d
d

Using the Chain Rule, 

d
d

d d
d d

1 (1 )
2(1 )

1  
2

d 1                   
d 2

y
t
x
t

y
x

y x
t t

t t
tt

t
t

y t
x t

=

= ×

− +
= ×

−+

−
=

−
∴ =

 

 

Given e  ............ (1)
and e  .......... (2)

Differentiating (1) with respect to 
d 1 e
d

Differentiating (2) with respect to 
d 1 e
d

t

t

t

t

x t
y t

t
x
t

t
y
t

−

−

= +

= +

= +

= −

(c)

 

Using the Chain Rule, 
d d d
d d d

1 e   
1 e

d 1 e                 
d 1 e

t

t

t

t

y y t
x t x

y
x

−

−

= ×

−
=

+

−
∴ =

+

 



 

Given 2 sin 2  ................. (1)
and cos 2  ....................... (2)

Differentiating (1) with respect to 
d 2 2cos 2
dt

Differentiate (2) with respect to 
d 2sin 2
dt

x t t
y t

t
x t

t
y t

= +
=

= +

= −

(d)

 

2

2

Using the Chain Rule, 
d d d
d d d

2sin 2
2 2cos 2

sin 2
1 cos 2

2sin cos
1 (2cos 1)

2sin cos
2cos 1)

tan

d tan        
d

y y t
x t x

t
t

t
t

t t
t

t t
t

t

y t
x

= ×

−
=

+

−
=

+

−
=

+ −

−
=

−

= −

∴ = −
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Solution

 

2

2

2

2

2

2

1Given  ......................... (1)

1and  ......................... (2)

Differentiating (1) with respect to 
d 11
dt

1

Differentiate (2) with respect to 
d 11
dt

1

x t
t

y t
t

t
x

t
t

t
t

y
t

t
t

= −

= +

= +

+
=

= −

−
=

 

2

22

2 2

2

2

2

2

Using Chain Rule
1

d 1.
d 1 1

dWhen the gradient is 0, i.e. 0.
d

1 0
1
1 0

1    or   1

The values of  when the gradient is zero are 1 or 1.

t
y tt
x t t

t
y
x

t
t
t

t

t

−
−

= =
+ +

=

−
∴ =

+
− =

= −

−
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Solution

 

3

3

2

2

2

Given 2cos  ......................... (1)
and sin  ............................ (2)

Differentiating (1) with respect to 
d 6cos ( sin )
dt

6sin cos

Differentiate (2) with respect to 
d 3sin
dt

x t
y t

t
x t t

t t

t
y t

=

=

= −

= −

= cos t

 

2

2

Using Chain Rule
d 3sin cos
d 6sin cos

1                        tan
2

When ,   
6

d 1 tan
d 2 6

3
6

d 3The exact value of  when  is .
d 6 6

y t t
x t t

t

t

y
x

y t
x

π

π

π

=
−

= −

=

= −

= −

= −
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Solution

 

sin

2

2

2

2

d
since cos ,   cos

d

d 2e cos
d

            cos

d d (cos ) sin     
dd

d 1 d(cos ) sin
d cos d

d d sin(cos )
d d cos

d d (cos tan )     (Proved)
dd

x

y
y x y y x

x

y x
x

y x

y y x y x
xx

y yx x
x x x

y y xx
x x x

y y x x
xx

= ∴ =

=

=

= −

 = −  
 

 = −  
 

∴ = −

(a)



 

 

26
Solution

 

ln(1 sin )
Differentiate both sides with respect to 

d cos
d 1 sin

y x
x

y x
x x

= +

=
+

 

2

2 2

2

Differentiate both sides with respect to 
d sin (1 sin ) cos (cos )
d (1 sin )

sin 1
(1 sin )

1
1 sin

x
y x x x x

x x
x

x

x

− + −
=

+
− −

=
+

= −
+

 

3

3 2

3

3

3 2

3 2

Differentiate both sides with respect to 

d 1 (cos )
d (1 sin )

d cos 1
1 sin 1 sind

d d d          (Shown)
dd d

x

y x
x x

y x
x xx

y y y
xx x

=
+

−  = −  + +  

  =   
  
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Solution

 

1

1

1

sin

sin

2

2 sin

2

Given e
Differentiate both sides with respect to 

d 1 e
d 1

d1 e
d
d1  ............................... ( )
d

x

x

x

y
x

y
x x

yx
x
yx y
x

−

−

−

=

=
−

− =

− = ∗

 

2

2
2

22

2
2 2

2

2
2

2

2
2

2

d
1   (from  ( ))

d

Differentiate both sides with respect to 
1 2 d d d1
2 d dd1

d d d(1 ) 1        
d dd

d d(1 )  
d d

d d(1 ) 0    (Shown)
dd

y
x y

x

x
x y y yx

x xxx

y y yx x x
x xx

y yx x y
x x

y yx x y
xx

− = ∗

−
+ − =

−

− + − = −

− + − =

− − − =

  

 

1sin

1

Given e
ln sin

xy
y x

−

−

=

=

Alternative Method

 

2

2

Differentiate both sides with respect to 
1 d 1

d 1
d1  ............................... ( )
d

x
y

y x x
yx y
x

=
−

− = ∗

 

2

2
2

22

2
2 2

2

2
2

2

2
2

2

d
1   (from  ( ))

d

Differentiate both sides with respect to 

1 2 d d d1
2 d dd1

d d d(1 ) 1
d dd

d d(1 )         
d d

d d(1 ) 0     (Shown)
dd

y
x y

x

x

x y y yx
x xxx

y y yx x x
x xx

y yx x y
x x

y yx x y
xx

− = ∗

−
+ − =

−

− + − = −

− + − =

− − − =


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Solution

 

[ ]

[ ]

[ ]

[ ]
2

2

2
2

2

Given sin ln(1 2 )
Differentiating with respect to 

d 2cos ln(1 2 ) .
d 1 2

d(1 2 ) 2cos ln(1 2 )
d

Differentiating with respect to 
d d 2(1 2 ) 2 2sin ln(1 2 ) .

d 1 2d

d d(1 2 ) 2(1 2 ) 4 0   
dd

y x
x

y x
x x

yx x
x

x
y yx x

x xx

y yx x y
xx

= +

= +
+

+ = +

+ + = − +
+

+ + + + =  (Shown),    where 4.k =
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Solution  

2

22

2

2

22
2

2

Given 3 sin cos
3 sin cos

d2 cos sin
d

d d2 2 sin cos
dd

3

d d  2 2 3  (Shown)
dd

y x x
y x x
yy x x
x

y yy x x
xx

y

y yy y
xx

= + +

= + +

  = − 
 

   + = − −   
  

= −

 ∴ + + = 
 

 



Exercise 7  

Exam Style QuestionsJ  

30
Solution

 

 

( ) ( )

( )
( ) ( )

( ) ( )

( ) ( )

3

1
3 3 22

2
3

1 1
3 3 32 2

3

11 3 3 23 2

3 3

1 3
3 3 32 2

d
d 1

11 1 3
2

1

31 1
2

1

3 11 2
1 1

31 1
2

ax
x x

x a ax x x

x

a x ax x

x

ax xa x

x x

a x ax x

−

−

−

− −

 
  + 

 + × − × + 
 =
+

+ − +
=

+

− ++
= −

+ +

= + − +

(a)

 

 
2 4

2 5

2 5

d (2 6)
d

4(2 6) (4 1)
4(4 1)         (Shown)

(2 6)

x x
x

x x x
x

x x

−

−

− −

= − − − −
−

= −
− −

(b)

 

 



1
2

1
2

2

1
2

2

1
2

2

1 1
2 2

1 sin
1 sin

d 1 1 sin (1 sin )cos (1 sin )( cos )
d 2 1 sin (1 sin )

d 1 1 sin 2cos
d 2 1 sin (1 sin )

1 sin cos
1 sin (1 sin )

1 cos

(1 sin ) (1 sin ) (1

xy
x

y x x x x x
x x x

y x x
x x x

x x
x x

x

x x
−

+ =  − 

+ − − + − = × − − 

+ = × − − 

− =  + − 

= ×
+ −

(c)    

2

1 1
2 2

1
2 2

1
2 2

sin )

cos

(1 sin ) (1 sin ) (1 sin )

cos

(1 sin ) (1 sin )

cos

(cos ) (1 sin )

cos
cos (1 sin )

1
1 sin

x

x

x x x

x

x x

x

x x

x
x x

x

−

=
+ − −

=
− −

=
−

=
−

=
−
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Solution

 

( )1

2

d sin ( )
d

1 d ( )
d1 ( )

1 1  
1 2

1
2 (1 )

x
x

x
xx

x x

x x

−

=
−

=
−

=
−

(a)

 

 

( )

( )

2
d d lnlog
d d ln 2

d(ln 2) (ln )
d

1(ln 2)

ln 2
ln

xx
x x

x
x

x

x

 =  
 

=

= ×

=

(b)   

 

 

( )

( )

2

2 2 2

2 2

d e tan
d

2e tan e sec

e 2 tan sec

x

x x

x

x
x

x x

x x

= +

= +

(c)
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Solution

 

( )

( ) ( )

( )

2

2

2

d ln sec2
d

1 sec2 tan 2 (2) ln sec2 (2 )
sec2

2 tan 2 2 ln sec2

2 ( tan 2 ln(sec 2 ))

x x
x

x x x x x
x

x x x x

x x x x

  

= +

= +

= +

(a)

 

 

( )
( )

( )

( )

1 2

1
2 22

2
2

1
2 22

2

1
2 22

2

2

d tan e 1
d

1 1 e 1 e (2)
21 e 1

1 e 1 e
1 e 1

1 e 1 e
e

1
e 1

x

x x

x

x x
x

x x
x

x

x
−

−

−

−

−

= −
+ −

= −
+ −

= −

=
−

(b)

 

 

2

2

Let  
      Taking logarithm on both sides :

ln ln

ln 2 ln

x

x

y x

y x

y x x

=

=

=

(c)  

 

2

     Differentiating implicitly w.r.t.  on both sides :
1 d 1(2) ln 2

d

1 d 2ln 2
d

d (2ln 2)
d

2 (ln 1)x

x
y x x

y x x

y x
y x

y y x
x

x x

 = +  
 

= +

= +

= +

 

 



( )

( )

2

ln 2

2 ln

2 ln

2 ln

2 ln

2

d            ( )
d

d (e )
d

d e
d

de (2 ln )
d

1e (2)ln 2

e (2ln 2)

2 (ln 1)

x

x x

x x

x x

x x

x x

x

x
x

x

x

x x
x

x x
x

x

x x

=

=

=

  = +  
  

= +

= +

Alternative method
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Solution

 

1 2

1
2 2

2 2

2 2

2

2

Let cos 1

d 1 1 (1 ) ( 2 )
d 21 ( 1 )

1 1 ( 2 )
2 1

       Since  0 1

1 1 ( )
1

1
1

y x

y x x
x x

x
x x

x

x
x x

x

−

−

= −

= − × − × −
− −

= − × × −
−

< <

 
=   − 

=
−

(a)

 

 

( )

( ) ( )

( ) ( )

2

2 2
2

2 2

2

d cos ec ln( 3)
d

1cos ec ln( 3) cot ln( 3) (2 )
3

2 cos ec ln( 3) cot ln( 3)

3

x
x

x x x
x

x x x

x

 + 

 = − + + ⋅ + 

+ +
= −

+

(b)

 

 

( )

( )

( )

( ) ( )

( )
( )

( )

2

2

12

22 2
2

2

2 22

2

2

d cos ec ln( 3)
d

d 1
d sin ln( 3)

d sin ln( 3)
d

1sin ln( 3) cos ln( 3) (2 )
3

2 cos ln( 3)1
3sin ln( 3)

2 cos ln( 3)

(

x
x

x x

x
x

x x x
x

x x

xx

x x

x

−

−

 + 

 
 =

+  

 = + 

   = − + × + ⋅    +  

 +
 = − ×

+  +   

+
= −

+

Alternative Method

( )2 23)sin ln( 3)x +  

 



( )

( )

( )

20

19

19

d ln
d

1 (20) ln

20 ln

x
x

x
x

x
x

=

=

(c)
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Solution

 

3

3 3

3

3

3 3

3

e cos3
d 3e cos3 e ( 3sin 3 )
d

3e (cos3 sin 3 )

e sin 3

d 3e sin 3 e (3cos3 )
d

3e (sin 3 cos3 )

t

t t

t

t

t t

t

x t
x t t
t

t t

y t

y t t
t

t t

=

= + −

= −

=

= +

= +

 

 

3

3

d
d
d
d

Using the Chain Rule

d
d

d d
d d

3e (sin 3 cos3 )
3e (cos3 sin 3 )

(sin 3 cos3 )
(cos3 sin 3 )

2 sin 3
4

2 cos 3
4

tan 3    (Shown)
4

t

t

y
t
x
t

y
x

y x
t t

t t
t t

t t
t t

t

t

t

π

π

π

=

= ×

+
=

−

+
=

−

 + 
 =
 + 
 

 = + 
 
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Solution  

Given sin  .............................. (1)
and 1 cos   ............................ (2)

Differentiating (1) with respect to 
d 1 cos
d

Differentiating (2) with respect to 
d sin
d

x t t
y t

t
x t
t

t
y t
t

= −
= −

= −

=

 

2

Using the Chain Rule, 
d d d 
d d d

1sin
1 cos

2sin cos
2 2

1 1 2sin
2

cot
2

1 
2

y y t
x t x

t
t

t t

t

t

k

= ×

= ×
−

=
 − − 
 

=

∴ =
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Solution

 

3 3

3 3

3 3

3 3

3 3

3 3

1 (e 2e ) 
2

d 1 (3e 6e )
d 2

3 (e 2e )
2

1 (e 2e )
2

d 1 (3e 6e )
d 2

3 (e 2e )
2

t t

t t

t t

t t

t t

t t

x

x
t

y

y
t

−

−

−

−

−

−

= +

= −

= −

= −

= +

= +

 

3 3

3 3

3 3

3 3

Using the Chain Rule, 
d d d 
d d d

3 (e 2e )
2
3 (e 2e )
2

e 2e
e 2e

t t

t t

t t

t t

y y t
x t x

−

−

−

−

= ×

+
=

−

+
=

−

 

1

1

1 13 ln 2 3 ln 2
3 3

1 13 ln 2 3 ln 2
3 3

ln 2 ln 2

ln 2 ln 2

ln 2 ln 2

ln 2 ln 2

1

1

1When ln 2,
3

d e 2e
d

e 2e

d e 2e
d e 2e

d e 2e
d e 2e

d 2 2(2 )
d 2 2(2 )
d 3
d

Gradient of tangent is 3.

 gradient of  no

t

y
x

y
x

y
x

y
x
y
x

−

−

   −   
   

   −   
   

−

−

−

−

=

+
=

−

+
=

−

+
=

−

+
=

−

=

∴
1 1rmal to the curve at the point where ln 2 is .
3 3

t = −

 

 

 

 

 



3 3

2
2 3 3

2 6 6

3 3

2
2 3 3

2 6 6

square both sides

square both sides

1Given (e 2e )   
2

1 (e 2e )
2

1 (e 4 4e ) ................... (1)
4

1and (e 2e )  
2

1 (e 2e )
2

1 (e 4 4e ) .........
4

t t

t t

t t

t t

t t

t t

x

x

x

y

y

y

−

−

−

−

−

−

= +

 = +  

= + +

= −

 = −  

= − +

(b) 



2 2 6 6 6 6

2 2

2 2

.......... (2)

Taking (1) (2)
1 1(e 4 4e ) (e 4 4e )
4 4
2

The cartesian equation of  the curve is 2.

t t t tx y

x y

x y

− −

−

− = + + − − +

− =

− =  

2 2 2 2

2

2

2

2

3 3

add 2 both sides

2 2

Restriction on the values of  :
0,  for real values of 

2 2    

2    

2 0

( 2)( 2) 0

   2 or 2
Since e 0 and 2e 0,  0

The restriction on the values o

t t

x y x y

x
y y

y

x

x

x x

x x
x−

− = ⇒ = +

≥

+ ≥

≥

− ≥

+ + ≥

∴ ≤ − ≥

> > >





f   is 2.x x ≥
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Solution  

2 2

2

2

2

2 2

2 2

2 ln(e 2 ) 3
Differentiating both sides with respect to 

d2d d2 2 2 0
d e 2

d
d d 0
d e 2

d
dd
de 2

d d(e 2 ) ( )(e 2 )
d d

d (1 e 2 ) ( )(e 2 )
d

d ( ) 
d

x xy y
x

y
y xx x y
x y

y
y xx x y
x y

y
yx x x y
xy

y yx y x y y
x x

y x xy x y y
x

y x y
x

+ − + =

+ + − =
+

+ + − =
+

− = +
+

− + = + +

− − = + +

+
∴ =

(a)

2

2

(e 2 )
1 e 2

y
x xy

+
− −  

 

1Let cos

cos

dsin 1
d

d 1
d sin

y x

y x

yy
x

y
x y

−=

=

− =

= −

(b)

 

 

2

2

2

For  0 ,  sin 0. 

 sin 1 cos

1

d 1 ,   for 1 1
d 1

y y

y y

x

y x
x x

π≤ ≤ ≥

∴ = −

= −

= − − < <
−
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Solution

 

1

1

1
2

2 2 1

2 2 2 1

2 2 2

 

  apply product rule on RHS

  multiply  to all sides

  replace tan

Given tan

d 1 tan  
d 1

d(1 ) (1 ) tan  
d
d(1 ) (1 ) tan  
d
d(1 ) (1 )     (P
d

x

y x x

y x x

y x x
x x

yx x x x
x
yx x x x x
x
yx x x y
x

−

−

−

−

− =

=

 = + + 

+ = + +

+ = + +

+ = + +

(a)   







roved)

 

 

1 1
2 2

Given

Differentiating both sides with respect to 

x y a

x y a
x

+ =

+ =

(b)

 

2

  square both sides

1 1 d 0
d2 2

d 0
d

d
d

d
d

y
xx y

yy x
x

yx y
x

yx y
x

 + = 
 

 + = 
 

  = − 
 

  = 
 



 

22

2

2

2

2

2

2

2

Differentiating both sides with respect to 

d d d d2
d d dd

d d d2 1 0
d dd

d d d0 or    2 1 0
d dd

d d d0 (reject as 0,  since 0)
d d d

dHence,  2
d

x

y y y yx
x x xx

y y yx
x xx

y y yx
x xx

yy y y
x x x x

yx
x

   + =   
   
   + − =  

  

= + − =

−
= < = <

d 1 0  (Shown)
d
y
x

+ − =
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Solution

 

2

2

2

2

2

2

2

2

cosGiven                       
1 2

(1 2 ) cos

d d[(1 2 ) ] (cos )
d d

d(1 2 ) ( 2) sin
d

d d d(1 2 ) ( 2) 2 cos
d dd

d d(1 2 ) 4 cos
dd

d d(1 2 ) 4 (1 2 )
dd

d(1 2 ) 4
d

xy
x

x y x

x y x
x x

yx y x
x

y y yx x
x xx

y yx x
xx

y yx x y
xx

yx y
x

=
−

− =

− =

− + − = −

− + − − = −

− − = −

− − = − −

 
− + − 

 

d 0   (Shown)
d
y
x
=
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Solution

 

2

2
2

2
2

2
2

1
replace (2e 1)  from (1)

1Given
2e 1

(2e 1) 1 ..................... (1)
Differentiating (1) with respect to 

d2(2e 1) 2e 0
d

1 d2 2e 0
d

1 d   e 0
d

             

x

x

x

x x

x

x

y

y

y
x

yy y
x

yy y
xy
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